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Order Reduction of State-Space Aeroelastic Models
Using Optimal Modal Analysis
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An efficient time-domain reduced-order aeroelastic model is presented based on the Roger’s state-space rational
function approximation model and the frequency-domain Karhunen–Loeve method. Using frequency responses of
the Roger’s model, the method generates a real, orthogonal set of aeroelastic modes. These Karhunen–Loeve modes
are optimal in the solution space with a minimum possible number of modes. When invoked with the Galerkin’s
error minimization, they generate a reduced-order aeroelastic model. The proposed method is demonstrated using
an aeroelastic model of a representative commercial airplane with 638 state variables. It is shown that the aeroelastic
results of the reduced-order model match extremely well the results obtained from the full-order model in both
open-loop and closed-loop analyses. The new aeroelastic model can be efficiently used in repeated analysis of
dynamic loads, optimization, and closed-loop designs.

Nomenclature
ABgBδ = aeroelastic system matrices
AcBcCc = feedback system matrices
A0 A1A2 = aerodynamic system matrices in Eq. (2)
b = reference length
C = generalized damping matrix
CyDgDδ = aeroelastic output matrices
CzDzgDzδ = measurement matrices
DER = aerodynamic system matrices in Eq. (2)
F = snapshot matrix as defined in Eq. (20)
Gg = loop transfer function caused by gust input
Gδ = loop transfer function caused by command input
Hg = compensator transfer function caused by gust input
Hx = compensator transfer function caused by states
j = ≡ √−1
K = generalized stiffness matrix
Kcs = control command matrix
k = reduced frequency (≡ ωb/V )
L = dimension of state vector x
M = number of frequency samples
M = generalized mass matrix
N = number of generalized structural modes
p = (R × 1) generalized coordinate vector
Q = generalized aerodynamic force matrix

for structural modes
Qg = generalized aerodynamic force matrix for gust
q = (N × 1) generalized structural coordinate vector
qd = dynamic pressure (≡ 1

2 ρV 2)
R = number of selected Karhunen-Loeve modes
s̄ = reduced Laplace variable (≡ sb/V )
t = real time
ug = gust input vector
Ug = frequency response of ug
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V = freestream air speed
x = (L × 1) aeroelastic state vector
X = frequency response of x
y = output state vector
yc = measurement vector
zc = feedback control state vector
zg = aerodynamic lag state vector
α = eigenvector of Eq. (19)
αg = gust input
αg = frequency response of αg

δc = control command input
δc = frequency response of δc

λ̄ = eigenvalue of Eq. (19)
τ = reduced time (≡ V t/b)
Φ = (L × R) KL modal matrix
φ = KL mode
� = maximum sampling frequency, rad/s
ω = frequency, rad/s

Introduction

I N the past, several techniques were developed for reduced-
order unsteady aeroelastic modeling in the time domain. These

methods include rational function approximation (RFA),1−4 p-
transformation,5,6 and eigenformulation.7 In particular, the RFA
methods that transform complex aerodynamic forces into the time
domain by rational approximation of the unsteady aerodynamic
forces have been extensively used in conjunction with the doublet-
lattice method.

By far the most favored reduced-order aeroelastic model is based
upon Roger’s RFA method.1 Although it is well known for its ac-
curacy and convenience of model construction, the Roger’s model
has often been criticized for introducing too many aerodynamic lag
states. These auxiliary states are necessary to account for unsteady
aerodynamic lag effects associated with structural modes accurately.
Because the number of the lag states is proportional to the number
of structural modes, the method becomes computationally less effi-
cient when a large number of structural modes are used to describe
complex aeroelastic behavior. The minimum-state RFA method2,3

reduces the number of the lag states by employing a single set of
lag terms and incorporating physical weights for different aerody-
namic terms, but can introduce inaccuracy during the minimization.
On the other hand, the p-transformation5,6 finds complex aeroelas-
tic eigenvectors based on the classical p-k method and performs a
coordinate transformation to build a state-space aeroelastic model.
Because the p-k iterations are required only for the structural states,
the size of the p-transform model is precisely twice the number of
the structural degrees of freedom.
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In this paper, the frequency-domain Karhunen–Loeve (FDKL)
method developed by Kim8 is applied to reduce the size of the
Roger’s RFA aeroelastic model. Based on a finite number of
frequency-response samples of the full model, the FDKL proce-
dure seeks optimal aeroelastic modes that would span the solu-
tion space with a minimum possible number of the modes. The
general response of the system is then expressed in terms of a
few KL modes. When the Galerkin’s error minimization is ap-
plied, these modes generate a reduced-order aeroelastic model in
state-space form. To demonstrate the efficiency and accuracy of
the proposed reduction scheme, an aeroelastic model of a repre-
sentative commercial airplane with 638 state variables is studied.
For optimal mode calculation, an elevator control surface com-
mand as well as a vertical gust in the form of impulse input are
used to generate open-loop frequency responses. The resulting
reduced-order model can accurately predict open-loop responses
caused by combinations of any types of the gust and control inputs
and closed-loop responses to the gust. Aeroelastic results of the
reduced-order model both in the time and frequency domains are
presented and compared with results obtained from the full-order
model.

Full-Order Aeroelastic Model
For frequency-based unsteady aerodynamic models (e.g.,

doublet-lattice), one needs a conversion to the time domain for
transient analyses. The general form of aeroelastic equation with
frequency-domain aerodynamic loads is

Mq̈ + Cq̇ + Kq − qd Qq = qd Qgαg + Kcsδc (1)

where q represents generalized structural coordinates associated
with structural modes. Given N modes, q is (N × 1) vector. Based
on the Roger’s original method, the generalized unsteady aerody-
namic loads can be approximated in the following rational function
form, which is also known as the minimum state formulation2:

Q � A0 + A1 s̄ + A2 s̄2 + D(s̄ I − R)−1E s̄ (2)

and similarly for the gust aerodynamic force Qg:

Qg � Ag 0 + Ag 1 s̄ + Dg(s̄ I − Rg)
−1Eg s̄ (3)

Open-Loop System
Inserting the state-space aerodynamic approximations of Eqs. (2)

and (3) into Eq. (1) results in the following open-loop aeroelastic
equation:
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where

M̄ ≡ M − qd (b/V )2 A2 (5)

C̄ ≡ C − qd (b/V ) A1 (6)

K̄ ≡ K − qd A0 (7)

Denoting x ≡ �q q̇ z zg�T , ug ≡ �αg α̇g�T , one can write Eq. (4) in
an abbreviated form as

ẋ = A x + Bg ug + Bδ δc (L × 1) (8)

Once the state variables are calculated, outputs such as displace-
ments or loads can be obtained by

y = Cyx + Dg ug + Dδδc (9)

Equations (8) and (9) define the RFA aeroelastic model.

Closed-Loop System
For closed-loop modeling, a feedback system based on output

measurements is constructed as follows:

żc = Aczc + Bcyc (10)

δc = Cczc (11)

The measured signals are related to the system state via

yc = Czx + Dzgug + Dzδδc (12)

Hence, inserting Eq. (12) into Eq. (10) and combining the equation
with Eq. (8) yields the following state-space model of the closed-
loop system:

{
ẋ

żc

}

=
[

A BδCc

BcCz Ac + BcDzδCc

] {
x

zc

}

+
[

Bg

BcDzg

]

ug (13)

Output states of the closed-loop model can be obtained via

y = [Cy DδCc]

{
x
zc

}

+ Dgug (14)

Note that the closed-loop Eq. (13) has been augmented by the num-
ber of control states in zc.

Frequency-Domain Karhunen–Loeve Method
The FDKL procedure8 seeks a set of optimal modes of a dynamic

system denoted as φ, given a frequency response of the open-loop
system X (ω). This is done by maximizing an energy represented by
an inner product between the response and the mode in the frequency
domain,

J (φ) ≡
∫ �

−�

(φ,X )2 dω (15)

with the constraint

h(φ) ≡ (φ, φ) −
∫ �

−�

(X ,X )2 dω = 0 (16)

where � is the maximum frequency of interest. In the case of finite
dimensional space, the inner product (,) is interpreted as a vector
product between two vectors. Hence, one can rewrite Eqs. (15) and
(16) as

J ≡
∫ �

−�

|φTX |2 dω (17)

h(φ) ≡ ‖φ‖2
2 −

∫ �

−�

‖X‖2
2 dω = 0 (18)
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where ‖ ‖2 denotes the L2 norm. By approximating the integral in
Eq. (15) with a finite number of samples, X (1),X (2), . . . ,X (M) at M
sample points ω1, ω2, . . . , ωM (ω1 ≡ −�, ωM ≡ �), and assuming
that the modes are linear combinations of the frequency responses,
the so-called snapshot method can be formulated:

∆ω
1
2 F∆ω

1
2 αi = λ̄iαi (i = 1, 2, . . . , M) (19)

where

Fi j ≡ X (i)∗T X ( j) (M × M) (20)

∆ω
1
2 ≡ diag

(√
�ωi

)
(M × M) (21)

and �ωi represents a step size at the i th sample point. After the
eigenvectors of Eq. (19) are found, the optimal modes are obtained
via

φi ≡ [
X (1)X (2) . . .X (M)

]
∆ω

1
2 αi (i = 1, 2, . . . , M) (22)

It can be shown that φi are real and orthonormal.8 Furthermore, they
are optimal in that they span the solution space with the minimum
possible error over the class of all admissible basis sets.9,10 The
system response can be approximated as a linear combination of a
few modes as

x(t) �
R∑

i = 1

pi (t)φi (R ≤ M) (23)

It can be also shown that λ̄i = J (φi ). That is, λ̄i represents how
much φi participates in the energy defined by Eq. (15). Therefore,
one can select the modes in Eq. (23) such that they correspond to the
largest first R eigenvalues in descending order of magnitude. For
best approximation, one needs to take all of the linearly independent
modes, the number of which would be equal to the rank of the
covariance matrix in Eq. (19).

If the aeroelastic model of Eq. (8) is subjected to more than one
input simultaneously, it might be necessary to perform the KL pro-
cedure multiple times producing multiple sets of modes. The modes
obtained herein will be optimal within each set, but not so between
different sets. As an alternative, given Nu number of inputs one
might consider maximizing the following energy11:

Jm(φ) ≡
Nu∑

i = 1

Wi

∫ �
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∣
∣2

dω (24)

with the new constraint

hm(φ) ≡ ‖φ‖2
2 −

Nu∑

i = 1
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∫ �

−�

‖Xi‖2
2 dω = 0 (25)

where Xi is the response to the i th input and Wi are scalar weights
that put relative importances on the inputs.

Choice of Frequency Samples
for Optimal Mode Calculation

As pointed out in Ref. 8, the KL method is a noncausal procedure
in that the modes cannot be obtained unless a system response is
known a priori. For this reason, it is crucial to sample a response that
is most representative of the dynamic problem under consideration.
Our major goal is to obtain optimal modes φi that can span as broad
a range of responses x(t) as possible. For this purpose, it is helpful to
examine the state response in terms of two loop transfer functions:

Open-loop:

XOL(ω) = GgUg + Gδδc (26)

Closed-loop:

XCL(ω) = (I + GδHx )
−1(Gg − GδHg)Ug (27)

where

Gg(ω) ≡ ( jωI − A)−1Bg (28)

Gδ(ω) ≡ ( jωI − A)−1Bδ (29)

Hx (ω) ≡ −Cc( jωIc − Ac − BcDzδCc)
−1BcCz (30)

Hg(ω) ≡ −Cc( jωIc − Ac − BcDzδCc)
−1BcDzg (31)

From Eq. (26), given an input Ug(ω) or δc(ω) getting the loop
transfer function Gg(ω) or Gδ(ω) will guarantee a correct open-loop
response caused by either type of input. On the other hand, Eq. (27)
indicates that both loop transfer functions must be accounted for in
the mode calculation to ensure the correct closed-loop response. For
the purpose of taking snapshots, a unit impulse input is used, that is,
αg(ω) = δc(ω) = 1, and the corresponding open-loop frequency
responses are sampled at the discrete sampling points.

Reduced-Order Aeroelastic Model
Inserting Eq. (23) into Eq. (8) produces a nonzero residual vector

as

ε ≡ Φṗ − AΦp − Bgug − Bδδc


= 0 (32)

where Φ≡ [φ1φ2 . . . φR]. According to the Galerkin’s approxima-
tion, one minimizes the error by requiring the residual be orthogonal
to the basis vectors as

(φi , ε) = 0 (i = 1, 2, . . . , R) (33)

This leads to the following reduced set of aeroelastic equations:

ṗ = AR p + BgR ug + BδR δc (R × 1) (34)

where

AR ≡ ΦT A Φ (35)

BgR ≡ ΦT Bg (36)

BδR ≡ ΦT Bδ (37)

Likewise, the output equation (9) is modified as

y = CyRp + Dgug + Dδδc (38)

where Cy R ≡ CyΦ. Equations (34) and (38) now define the reduced-
order aeroelastic model.

Fig. 1 Aeroelastic root loci of a commercial aircraft (open loop).
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A reduced-order closed-loop model can be obtained by combining
Eq. (34) with the feedback system Eqs. (10–12):

{
ṗ

żc

}

=
[

AR BδRCc

BcCzΦ Ac + BcDzδCc

] {
p

zc

}

+
[

BgR

BcDzg

]

ug (39)

For output calculation,

y = [CyR DδCc]

{
p

zc

}

+ Dgug (40)

Fig. 2 Pitch rate caused by unit gust (open loop).

Fig. 3 Wing shear force caused by unit gust (open loop).

Results and Discussion
The proposed optimal model reduction method was applied to

a state-space aeroelastic model of a representative commercial air-
plane. The structural model had been obtained from ELFINI12 Fi-
nite Element program and has 101 symmetric and antisymmetric
structural modes including six rigid-body modes and one for eleva-
tor control surface. The generalized aerodynamic forces for these
modes were generated by the doublet-lattice method at 10 reduced
frequencies in the range of (0, 1). The generalized aerodynamic
forces for vertical gust were also generated within the same range
at 17 reduced frequencies at four different gust penetration zones.
The frequency-based aerodynamic forces were converted to the time
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domain using the Roger’s RFA approximation. The number of lag
poles used in the approximation is 4, 8 for the structural modes and
gust, respectively. Hence, the size of the state-space aeroelastic ma-
trix A is (638 × 638). This aeroelastic model contains a few unstable
rigid-body modes that are also nearly singular.

Because the aeroelastic matrix A is nearly singular with the few
unstable modes very close to the origin, from numerical precision
consideration it was necessary to decompose A into its unstable
(3 × 3) and stable (635 × 635) block-diagonal matrices based on
its eigenvalues and eigenvectors and apply the KL procedure only
to the latter part of the matrix. The (3 × 3) submatrix contains one
real and one pair of complex eigenvalues that represent, respectively,

Fig. 4 Pitch rate caused by unit elevator command (open loop).

Fig. 5 Wing shear force caused by unit elevator command (open loop).

the airplane phugoid and spiral mode. Bg and Bδ were also divided
into two portions accordingly. The feedback system that generates
the elevator command consists of 31 control and 303 measurement
states, respectively. Hence, the total number of states in the closed-
loop model is 669. The major role of this control system is to alleviate
the short-period rigid-body response caused by the vertical gust
excitation.

Open-loop state responses of the (635 × 635) model subjected to
independent excitations by the elevator command and vertical gust
in the form of a unit impulse were sampled at 16 and 44 reduced
frequencies uniformly distributed in (0, 0.00785 ) and (0.00785,
0.463), respectively. Both responses were sampled to ensure that
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the final reduced-order model can be used for closed-loop as well
as open-loop analyses. Another 120 responses were obtained by
taking complex conjugate of these samples. They correspond to the
negative frequency range, (−0.463, 0). Thus, a (240 × 240) snap-
shot matrix was constructed based on the energy principle, Eq. (24),
with equal weights W1 = W2 = 1, creating a total of 240 optimal
modes. After examining the eigenvalues of the snapshot matrix,
the first 165 modes that correspond to the largest λ̄i were selected

Fig. 6 Vertical acceleration caused by (1 − cos) gust (open loop).

Fig. 7 Wing bending moment caused by (1 − cos) gust (open loop).

Fig. 8 Vertical acceleration caused by ramp elevator command (open
loop).

for model reduction. Hence, the size of the resulting reduced-order
aeroelastic model became (168 × 168). These modes were selected
conveniently by checking the rank of the snapshot matrix and tak-
ing the first rank number of the modes whose KL eigenvalues are in
descending order of magnitude.

Figure 1 is eigenspectrum of the reduced-order model (ROM) in
the reduced Laplace domain, s̄ = sb/V . Also presented is the eigen-
spectrum of the (638 × 638) full-order model (FOM). It can be seen
that most eigenvalues of the reduced system match with eigenvalues
of the full model and their imaginary parts are restricted to approx-
imately (−0.463, 0.463), which is the sampling frequency range.
Figure 2 is a normalized gust frequency response of pitch rate at
one body location as a function of reduced frequency. Figure 3
represents normalized gust responses of vertical shear force at one
wing location. Also shown in the plots are the corresponding gust
responses from the FOM. There is an excellent agreement between
the two sets of the results. In fact, the two sets of the curves are prac-
tically identical. Likewise, Figs. 4 and 5 show the same responses as
a result of a unit command input for the elevator. Again, the ROM
matches with the FOM extremely well in producing these results.
The next set of figures, Figs. 6 and 7, are transient responses of the
normalized vertical acceleration and wing bending moment caused
by an (1 − cos) discrete gust input. Figures 8 and 9 are transient
responses of the same outputs caused by a ramp increase in the ele-
vator control command. Once again, there are excellent agreements
between the two models.

Figure 10 shows eigenspectra of the full-order and reduced-order
closed-loop matrices. The sizes of these matrices are (669 × 669)

Fig. 9 Wing bending moment caused by ramp elevator command
(open loop).

Fig. 10 Aeroelastic root loci of a commercial aircraft (closed loop).



1446 KIM, NAGARAJA, AND BHATIA

and (199 × 199), respectively. Compared to Fig. 1, the plot contains
extra eigenvalues associated with the control law. However, this
closed-loop system is still unstable exhibiting three unstable poles.
This is because, as stated earlier, the role of the feedback control
through the elevator is to attenuate mainly the airplane short-period
mode and hence does not significantly alter the unstable modes
that exist in the open-loop system. The instability associated with
the phugoid mode is caused by lack of longitudinal aerodynamic
damping in the analytic model. On the other hand, the instability
of the spiral mode can be an intrinsic one, that is, depending on a
particular flight condition it could be either unstable or stable. In the
next figure, Fig. 11, open-loop and closed-loop pitch-rate responses
are compared to illustrate the impact of the feedback control on the
airplane performance during the vertical gust excitation. It can be
seen that the elevator command input generated by the feedback

Fig. 11 Pitch rate caused by unit gust (closed loop vs open loop).

Fig. 12 Pitch rate caused by unit gust (closed loop).

system clearly attenuates the short-period rigid mode, which is a
major contribution to the vertical response while a few elastic modes
are amplified by the same control command. Figures 12 and 13
show gust frequency responses of the closed-loop systems that were
examined earlier for the open-loop models. Figure 14 represents
transient responses of the pitch rate to an (1 − cos) discrete gust
input for the closed-loop and open-loop systems. Here, the gust
length was adjusted so as to excite mainly the short-period mode.
It can be seen that the elevator control does reduce the second peak
in the gust response, which represents the transient response to the
gust. As in the open-loop cases, all of the results agree well without
noticeable differences.

Apart from its high accuracy, the current reduced model is smaller
than the size of the p-transform model, which is twice the num-
ber of the structural modes. Another advantage is that unlike the
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Fig. 13 Wing shear force caused by unit gust (closed loop).

Fig. 14 Pitch rate of the short-period mode caused by (1 − cos) gust.

p-transform model, which is strictly valid only for the open-loop
condition for which the k values have been converged, the current
open-loop reduced model can be connected to a feedback control
to design a closed-loop system. However, if any parameters in the
system matrices such as air speed change, the reduction must be
performed again for the new parameters, which is also required for
the p-transform model. For this reason, the reduced-order model is
not recommended for flutter analysis.

Finally, to put a perspective on computational cost associated with
the proposed reduced modeling, once the RFA aeroelastic model
has been decomposed into the stable and unstable parts for a given
flight condition, it takes approximately 180 CPU s on a RS6000
workstation to obtain the optimal modes and perform Galerkin’s
minimization. After the reduced-order model is constructed, it takes
8 CPU s to create one gust time history response of the open-loop
system using 979 time steps, whereas 166 CPU s are required to
compute the same response based on the full-order model. Table 1
illustrates the consequence of using the full model vs reduced model
for multiple calculations. Clearly, the more the response analysis is
executed, the more beneficial it becomes to use the reduced-order

Table 1 Comparison of CPU time for open-loop analysis

Analysis FOM (638), s ROM (168), s

Construction 0 180
1st response 166 8
2nd response 166 8
K th response 166 8
Total (K × 166) (180 + K × 8)

aeroelastic model. The present model will be equally useful when
designing closed-loop control laws and validating the subsequent
closed-loop system. This is because when calculating a control gain
based on a numerical algorithm such as the full-state13 or output
feedback14 the number of equations to solve as well as the amount of
memory space required during the process increase approximately
proportional to L2.

Conclusions
In this paper, the Frequency-Domain Karhunen–Loeve method

has been applied for model reduction of the Roger’s rational func-
tion approximation (RFA) aeroelastic model. Using a finite number
of open-loop response samples in the frequency domain, optimal
modes for the aeroelastic model were calculated, and the general
solution was approximated by a linear combination of a few such
modes. For demonstration of the method, a representative commer-
cial airplane model with 638 state variables was reduced to a system
with only 168 states. For a closed-loop modeling, a feedback system
consisting of 31 control, 303 measurement states, and an elevator
command input was added to the open-loop model. Based on the
study performed on the example model, a number of conclusions can
be made as follows. For construction of an open-loop reduced-order
model that will later be closed by a feedback system, it is necessary
to include both the gust and control command responses in the KL
mode calculation. Once constructed, the reduced-order model cap-
tures the eigenvalues of the original open-loop and closed-loop sys-
tems very accurately. Similarly, the reduced-order aeroelastic model
recreates the responses of the full model extremely well both in
open-loop and closed-loop analyses. It is interesting that the size of
the reduced-order open-loop model could be smaller than the twice
the number of structural modes. Considering its size and accuracy,
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it can be expected that the reduced model will be very efficient in
repeated analysis of dynamic loads, optimization, and closed-loop
designs. The procedure is easy to implement, robust, powerful, and
can be applied to any type of state-space aeroelastic model.
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